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Transonic Flow Around Airfoils with Relaxation and Energy
Supply by Homogeneous Condensation

Giinter H. Schnerr* and Ulrich Dohrmannj
University of Karlsruhe, Karlsruhe, Federal Republic of Germany

Steady two-dimensional flow of vapor/carrier gas mixtures (moist air) with nonequilibrium condensation is
investigated in theory and experiment. Aside from Laval nozzles, transonic flow over airfoils at M<x ̂  1 is
considered. The numerical calculation is based on the Euler equation linked with the classical theory of
homogeneous nucleation and droplet growth using a new diabatic, time-dependent, explicit, finite volume
method. By means of this model, the effects of energy supply in local supersonic flow over airfoils are
investigated including a detailed analysis of the two-dimensional structure in the diabatic case. The variation of
the pressure drag coefficient due to the heating is the sum of the following connected processes: the reduction
of the wave drag in the local supersonic area producing a higher Mach number behind the shock, the shock
shifting, and the pressure increase in the rear section of an airfoil due to evaporation. Both airfoil series
investigated, circular arc and NACA-0012, show the same tendency concerning the shifting of the normal shock.
But the pressure drag coefficients vary in opposite directions with different supply conditions.

Nomenclature
c = airfoil chord length
CD = pressure drag coefficient
cp = pressure coefficient
g = mass fraction of condensate (sublimate)
h = enthalpy
/ = nucleation rate
k — Boltzmann constant
L = latent heat
m = mass per molecule—water
MOO = test section reference Mach number
M^ oo = frozen freestream Mach number
n * = number of molecules of a critical nucleus
p = static pressure
ps>r = saturation pressure of droplet with radius r
ps>00 = saturation pressure of a plane liquid surface
Qo = ~ £ of droplets per unit mass
Qi = ~ L of droplet radii per unit mass
Q2 = ~ £ of droplet surfaces per unit mass
r = droplet radius
r = surf ace averaged droplet radius, r = VQ2/2o
r * = critical droplet radius
Rv = specific gas constant of water vapor
R * = radius of curvature at the nozzle throat
s = supersaturation ratio
t = time, thickness parameter
T = temperature
u = velocity component in x direction
v = velocity component in y direction
x = Cartesian coordinate; mixing ratio
y = Cartesian coordinate
a = condensation coefficient
<£ = relative humidity
p = density
(TOO = surface tension of a plane surface
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Subscripts and Superscripts
ad
c
d
f
v
q
s
0
1
oo

= adiabatic flow
= condensate (sublimate), condensation onset
= diabatic flow
= frozen
=vapor
= heat addition
= saturation
= stagnation condition
= before heat addition
= freestream; test section reference; plane surface
= values at M = 1; values of critical nucleus

Introduction

E NERGY supply in transonic flows by nonequilibrium
condensation is of basic interest and useful for technical

applications and experimental methods, e.g., turbo machin-
ery, cryogenic wind tunnels or shock tubes. When energy is
supplied to the flow by homogeneous condensation of a va-
por, the onset, development, and amount of the heat addition
is controlled by the flow itself. Flow and heat addition cannot
be separated. Changes in the pressure distribution and aerody-
namic characteristics of the flow over airfoils that adjust
themselves due to the linkage of flow and heat supply are
investigated theoretically and experimentally. In fast expan-
sions typical for transonic flows, the vapor component super-
saturates after passing the vapor pressure curve. Typical val-
ues of the supersaturation ratio s =pv(T)/ps,<x>(T) for water
vapor in a carrier gas in our range are 50-100. The corre-
sponding adiabatic supercooling is about 50 K.1 It follows that
the condensation onset is only possible for M > 1.2 This hap-
pens in the supersonic part of a nozzle and in the local super-
sonic region over airfoils. In special cases homogeneous con-
densation is also possible in the wake of airfoils. Several
details are of particular interest to aerodynamicists, the con-
densation onset (especially on the airfoil), the boundaries of
the condensation region, the droplet behavior through the
shock, the wake flow, and the variation of the drag and lift
coefficients. In this paper the pressure drag is investigated for
symmetrical airfoils at zero angle of attack. Zierep and Lin3

were the first to formulate the similarity law for the Mach
number at the condensation onset. The first experimental
results concerning transonic flows over airfoils with homoge-
neous condensation are reported from Head,4 Schmidt,5 Hiller
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and Meier,6 an extensive description of condensation in steady
flows over airfoils is found by Schnerr.7 Numerical results
based on simplified models used for the process of homoge-
neous condensation were calculated from Robinson, Bauer,
and Nichols.8 A discussion of natural condensation effects in
airplane flowfields by Campbell, Chambers and Rumsey9 can
be found. Appropriate results for transonic cascade flows of
water vapor are found by Moheban and Young.10 Rele-
vant—mostly experimental—results for transonic flow in
cryogenic wind tunnels are available from Hall,11'12 Koppen-
wallner and Dankert,13 Wagner and Diiker,14 and We-
gener. 15,16

Theory
The conservation equations of mass, momentum, and en-

ergy yield

au dF do— + — + — = o
dt dx dy

U = F =

pu
pu2 +p

puv
(pe + p)u

G =

pv
puv

pv2 +p

(pe + p)v

Q =

dt

(1)

Here e is the total energy per unit mass. The source term in the
energy equation denotes the heat supply caused by the conden-
sation process. Air and water vapor are assumed to be perfect
gases; the specific heat ratio of moist air is set to y = 1.4 (see
Ref. 1). In contrast to Ref. 8 homogeneous condensation is
here calculated with the classical theory according to
Volmer.17 The nucleation rate per unit time and volume be-
comes

J - V - aa
AG*\

7<exp\-^J
* =

~ 3 *
m

(2)

Orders typical for the number of molecules in a critical nu-
cleus are n * ~ 10 and for the nucleation rate at the condensa-
tion onset J ~ 1022 — 1024 m ~ 3 s ~ ! . The dominating property
in Eq. (2) is the surface tension o^ appearing in the exponent
in the third power. But no definite statements can be made on
the nature of the condensate (liquid or solid) at condensation
onset temperatures far below the triple point. The surface
tension is therefore handled as a free parameter, and calcula-
tions are performed assuming both a liquid or solid conden-
sate. The droplet radii in these transonic flows with homoge-
neous condensation in moist air always remain smaller than
the mean free path of the vapor and carrier gas. For this
reason the calculation of the droplet growth is based on the
Hertz-Knudsen model

(3)

Here a denotes the condensation coefficient giving the frac-
tion of the rate of molecules that impinge on the drop that
stick to it. This coefficient is the second free parameter in the

calculation. The condensate mass fraction g in Eq. (1) is
defined as the ratio of condensate to total mass of vapor,
condensate, and carrier gas. The variation of g is

dg 4 J ( t )
(4)

Introducing the surface averaged droplet radius (Hill18) and
the properties Q0, Q\, Q2, Eq. (4) can be transformed to the
following system

dA dB
K = — +—

dt dx
dC
—dy

A =

Pg

pQo

n __

pug

puQ\
puQo

C =

pvg
pvQ2

pvQi

K = (5)

The two-dimensional diabatic method is a further develop-
ment of the time-dependent, explicit, finite volume method
for adiabatic flows of Eberle.19 The linked systems of Eqs. (1)
and (5) are transformed onto an equidistant mesh. Using
flux-extrapolation, second-order accuracy is achieved without
any additive dissipation (second-order upwind scheme). A
stable solution occurs when the time step for the calculation of
the variables pQQ, pgi, pQ2 and pg in Eq. (5) is chosen to be 2
orders of magnitude less than for Eq. (1). The grids are
generated by a Poisson equation. The maximum number of
cells used in Laval nozzles is 182 x 64. Near the nozzle walls
(in normal direction) and at the stagnation points (parallel to
the flow direction), the grids are locally concentrated. The O
grids with 192 x 64 cells are used for the airfoil calculations.
The distances of the outer calculation boundaries are varied
from 10 to 100 airfoil chord lengths.

Analysis of the Numerical Method and Results
Figures 1 and 2 show numerical results of the diabatic

flow over a NACA-0012 airfoil with zero angle of attack. In
the region of the normal shocks (in the middle of the chord
length, M/j00 = 0.8), the enthalpy rises slightly and is quickly
reduced. In adiabatic flow, the maximum enthalpy difference
(h0 — h0i)/h0i on the airfoil is equivalent to a heat addition of
the latent heat release of about 0.4 g condensate per kg air. In
nozzles the corresponding maximum value is about 0.1 g/kg at
the walls and one order of magnitude less in the flowfield. As
will be shown in the following calculations, these numbers
correspond to insignificant errors in the condensation calcula-
tions. The contours of constant enthalpy difference of the
diabatic flow over the NACA-0012 airfoil are shown in Fig. 1.
A level of 0.001 approximately represents the onset of conden-
sation. Downstream of the heat supply the maximum value
rises to (h0 — /Zoi)//*oi = 0.013. In the region right behind the
rear stagnation point the condensate evaporates completely.
Low negative values (> — 0.003) of the stagnation enthalpy
occur only at the outer boundary of the wake flow. The most
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0.001

0.001

Fig. 1 NACA-0012 airfoil—diabatic flow, M/> = 0.8, *o = 30%, at-
mospheric supply, (/ZQ-/ZOI)//ZOI- contours (>0), increment 0.001.

Fig. 2 NACA-0012 airfoil—contours of constant condensate mass
fraction g/gmax, #o

Fig. 3 Circular arc nozzle (y * = 60 mm, R * = 100 mm) - two-dimen-
sional process, <t>o = 71.3°7o, Mf-contours>1, AM/= 0.02.

interesting contours of constant condensate mass fraction g/
gmax are shown in Fig. 2. The difference in the contours of
Figs. 1 and 2 results from the variable latent heat L(T).

Fig. 4 Circular arc nozzle (y * = 15 mm, R * = 400 mm)-normal shock
ahead of the main condensation region, $o = 73.4%, Mf- contours > 1,
AM/= 0.02.

a linearly decreasing function beginning from the known sur-
face tension at the triple point and with the slope fitted to the
experiments was assumed. The comparison of all nozzle exper-
iments yields the following empirical relation for the surface
tension

7>273.15K

(75.75 + 0.151 (273.15 - T)) 10~3 N/m

(96.0 - 0.29 (273.15 - T)) 10 ~ 3 N/m

7X273.15 K

(6)

The condensation coefficient of Eq. (3), important for the
heat addition in the condensation zone, was found to be
a — 0.2 = const.

For calculations based on the assumption of a liquid con-
densate, the experimental results of Peters and Paikert21 were
approximated by the following relation

T > 249.4 K

(76.1 + 0.155 (273.15 - T)) 10~3 N/m

(1.131 -3.709- 10~3r) T4- 10-10N/m

T< 249.4 K

(7)

With o: = const, agreement with experiments could no longer
be achieved. The following empirical relation was found

[0.5 T>270K

a(T) =\1- 0.0125(T - 230) 230 K < T < 270 K (8)

1 7<230K

Nozzle Experiments
Figures 3 and 4 show typical Schlieren photographs of noz-

zle flows with homogeneous condensation. The experiments
are compared with the calculated frozen Mach number con-
tours. This Mach number is defined as the ratio of the local
flow speed to the frozen speed of sound. In both nozzle flows,
the reservoir conditions agree well with each other, and the
cooling rates on the centerlines at the location where M = 1,
relevant for the condensation onset, too. The differences are
caused by two-dimensional effects from the wall curvatures.
In Fig. 3 the condensation front attains the sonic line and acts
on the oncoming flow.20 In Fig. 4 the subsonic range obviously
remains undisturbed. The high relative humidity causes the
normal shock in the center followed by a local subsonic area.
In Fig. 4 this area is extended across the whole height of the
nozzle. Figures 3 and 4 show agreement between theory and
experiment in the steady compression zones (light) as well as in
the normal and oblique shocks. Both numerical results were
based on the assumption of a solid condensate. For that case

Our result for liquid condensate and a < 1 agrees with the
experiments of Ref. 21. However, the agreement between
experiment and numerical simulation cannot lead us to con-
clusions about the nature of the condensate—liquid or
solid—in this low temperature range because of the simplifica-
tions in the classical theory for description of the homoge-
neous nucleation process; this question is still open. The calcu-
lations of all following numerical examples proceed from Eqs.
(7) and (8), and the reservoir conditions of pressure and tem-
perature are set up to p0i = 1()5 Pa and ^01 = 293.15 K. The
chord length of the airfoils—relevant for the time scale—are
constant and equal 80 and 100 mm for the circular arc
(t = 0.1) and the NACA-0012, respectively.

Circular Arc Airfoil—Experiments
The schlieren photograph in Fig. 5 shows a transonic flow

with steady compression zones and the deformation of the
rear shock, typical for small heat addition. All airfoil experi-
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Fig. 5 Circular arc airfoil—weak compression by homogeneous con-
densation, Moo = 0.791, <l>o =

Fig. 7 Steady double shock system by supercritical heat addition,
Moo = 0.784, *o = 64.1%.
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Fig. 8 Circular arc airfoil—flow with heat addition, pressure drag in
a closed test section (height 170 mm)—experiment.
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Fig. 6 Circular arc airfoil—X—shock produced by heat addition,
Moo = 0.787, *o = 57.1%.
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Fig. 9 Circular arc airfoil—theory, M/; 00 = 0.87, static pressure dis-
tribution.
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ments were made by means of half bodies, which were fixed
on the bottom of the test section (atmospheric supply). For
better illustration of the striking structures, the schlieren pho-
tographs were reflected to obtain airfoil presentations. For the
development of the condensation process, the boundary layer
influence can be reduced to its displacement effect, which does
not alter the flow in principle.

In case of high onset Mach numbers, i.e., low relative
humidities, the condensation process starts just ahead of the
shock, and the onset front follows approximately an isotherm.
When the heat addition is increased and the onset Mach num-
ber simultaneously decreased, the formation of an additional
shock is observed (see Fig. 6). In the outer flowfield, two
normal shocks follow each other, the Mach number between
the two shocks is obviously M < 1, and on the airfoil the heat
addition is still steady. When the condensation onset shifts
further to the sonic line, the heat addition becomes supercriti-
cal, and a steady double shock system develops (see Fig. 7).
On the airfoil surface, the condensation onset is located up-
stream of the first shock. The possibility of such a double
shock system already has been discussed by Zierep.22

From the pressure measurements, the drag coefficients for
the adiabatic and diabatic case were calculated. The effects of
skin friction and their variations due to the heat supply are not
investigated. As an effect of heat addition, the pressure drag
of an airfoil in a closed test section increases considerably (see
Fig. 8). For the circular arc airfoil, the choking Mach number
was MO, = 0.8. Due to the experimental conditions, the reser-
voir properties <f>0, x are not constant when varying the tunnel
reference Mach number M^\ they change inversely. The lower
value MOO is related to the higher amount of heat and the
higher relative humidity, i.e., lower condensation onset Mach
number. This complex interaction and the test section interfer-
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Fig. lOb Pressure drag coefficient by heat addition.

ences in adiabatic and diabatic flows do not permit general
statements concerning the pressure drag behavior in free flow.
They are provided by numerical simulations in the unbounded
freestream.

Circular Arc Airfoil—Theory
The theoretical results for a constant freestream Mach num-

ber M/;a, = 0.87 are summarized in Figs. 9, lOa, and lOb. The
critical values c^2 are related to the stagnation conditions after
the heat supply. The decrease of the stagnation pressure yields
a smaller critical pressure respective pressure coefficient.
Whereas the shock in the experiment is clearly shifted towards
the trailing edge, it now moves upstream at first and down-
stream again from $0~5Q% upwards. At the beginning the
influence of the compression is obviously prevailing in the
local supersonic area. Finally for the lower onset Mach num-
bers near the thickness maximum of the airfoil, the expansion
dominates and shifts the shock downstream (see Fig. lOa, left
scale). Approximately the same behavior is established by the
pressure drag (see Fig. lOb) and has to be expected for any
other kind of heat addition in this area of the airfoil. It has a
minimum at $o~5097o, too. The theoretical results of Schnerr
and Dohrmann23 for the same airfoil are obtained with the
assumption of a solid condensate. Using this assumption, the
results of Figs. lOa and lOb are confirmed; the drag coeffi-
cients agree within 5%.

NACA-0012 Airfoil—Theory
The circular arc in the local supersonic range shows a

roughly constant temperature gradient on the airfoil. However
the NACA-0012 shows a distinct nonlinear acceleration near
the leading edge, and downstream the gradients become
smaller. This development affects the condensation onset. At
a constant initial Mach number of Mf>00 = 0.8, without heat
addition, the known shock position is at x/c =0.5. The in-
crease of $o now demonstrates all 3 effects that cause the
change of the pressure drag (see Fig. 11). Analogous to the
circular arc airfoil, the pressure increases in the local super-
sonic region. The shock first is shifted forward more. At the
same time, the droplets evaporate downstream of the shock.
The reduced shock strength (pressure decrease) and the heat
removal in the subsonic flow (pressure increase) altogether
lead to a decrease of the static pressure in the rear section of
the airfoil. Although a maximum forward shift of the shock is
once again noted at $0*50% (see Fig. lOa, right scale), the
pressure drag continuously increases (see Fig. lOb). The up-
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Fig. 11 NACA-0012 airfoil—theory, M/>00 = 0.8, increase of relative
humidity $Q.
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stream shock shift caused by low heat addition is noted for
both airfoil series. It corresponds with the result in Ref. 8,
obtained for a NACA-0012 at M/j00 = 0.8 and an angle of
attack of 2 deg.

For fixed stagnation conditions ($0 = 50%), property
changes near the airfoil and in the wake are shown by the
results in Figs. 12a-12c. Figure 12a shows the Mach number
distribution, the nucleation rate, and the condensate mass
fraction along a streamline close to the airfoil surface. Near
the airfoil the shock strength causes partial evaporation of the
droplets. Approaching the rear stagnation area (6), the tem-
perature arises further, and the condensate mass fraction de-
creases continuously. The following expansion causes a new
increase of g/gmax since the freestream is evidently supersatu-
rated. The latter fact is seen in Fig. 12b. In the^T-diagram,
the conditions along the same streamline and the equilibrium
vapor pressure curve are plotted starting with the oncoming
flow (1) and ending at the trailing edge (6). First the vapor

component is isentropically compressed from (1) to (2) at the
leading edge. Next follows the isentropic expansion up to the
condensation onset at (3), followed by the nonequilibrium
heat addition leading to (4). The normal shock is mapped on
the line (4-5). As the preshock condition is located at the
vapor pressure curve, the shock leads into the unsaturated
state of the vapor phase, i.e., the droplets evaporate again.
The further evaporation up to the trailing edge owing the
increase of pressure is an equilibrium process along the vapor
pressure curve to state (6). In Fig. 12c this fact is shown by
means of contours of the condensate mass fraction. Stream-
lines and boundaries of the local supersonic area (sonic lines
and shocks) are additionally plotted. Moreover Fig. 12c
shows, that along streamlines on which local M>1 is ob-
tained, condensation onset is no longer observed. Along these
outer streamlines, only a reduced nucleation rate is noted,
which vanishes again in the following compression.

Similarity Law
Fig. 13 shows the confirmation of the similarity law for the

condensation onset Mach number Mc over the circular arc
airfoil as a function of $0 from Zierep and Lin3 and Schnerr.7
The numerical calculations with 5 different supply conditions
prove the empirical results of Ref. 3 and 7 very well. The small
deviations at higher values of $0

 can immediately be explained
with the slight nonlinearity of the temperature rise over the
airfoil. Zierep24 furthermore specifies similarity laws for flows
with heat addition over airfoils in all speed ranges. The con-
stancy of the similarity parameters required there, however,
presupposes the free choice of the heat source distribution.
This assumption is not given for condensation processes due
to the direct linkage of flow and heat supply.

Conclusions
Numerical simulation of transonic flows over airfoils in-

cluding heat, supplied by homogeneous condensation of water
vapor, including the classical theory of nucleation linked with
the Euler equation is provided. It is founded that the pressure
drag of an airfoil may be considerably increased or reduced,
respectively. A pressure drag decrease is expected when the
shock is located near the trailing edge. Otherwise the dominat-
ing pressure decrease in the subsonic flow behind the shock
leads to a drag increase. For the condensation onset, the
empirical similarity laws are well confirmed by the calcula-
tions. With the results obtained in this paper, a discussion of
analogous variations of the lift coefficient is possible.
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